arXiv:1808.04017v6 [math.DG] 22 Feb 2019

The Existence of Infinitely Many Geometrically Distinct

Non-constant Prime Closed Geodesics on Riemannian
Manifolds

Sergio Charles
10 August 2018

Abstract

We enumerate a necessary condition for the existence of infinitely many geometri-
cally distinct, non-constant, prime closed geodesics on an arbitrary closed Riemannian
manifold M. That is, we show that any Riemannian metric on M admits infinitely
many prime closed geodesics such that the energy functional £ : AM — R has in-
finitely many non-degenerate critical points on the free loop space AM of Sobolev class
H' = W12, This result is obtained by invoking a handle decomposition of free loop
space and using methods of cellular homology to study its topological invariants.

1 Introduction and Preliminaries

Let M be a multiply connected Riemannian manifold. Then the conjugacy classes in the
fundamental group 71 (M) may be mapped bijectively onto the free homotopy classes of
closed loops on M. Closed geodesics are generated by undergoing an energy minimizing
procedure. Thus, every closed multiply connected Riemannian manifold M carries a closed
geodesic. Likewise, every closed simply connected Riemannian manifold M carries a closed
geodesic according to Lyusternik and Fet [9]. The existence of at least one non-trivial, non-
constant, closed geodesic on a closed multiply connected Riemannian manifold follows from
properties of the gradient flow of the energy functional.

Theorem 1.1. Assume M is closed and w (M) is non-trivial. There is a closed geodesic in
each non-trivial free homotopy class or in each non-trivial conjugacy class of the fundamental
group mi(M).

The aforementioned theorem is only valid for 1 (M) non-trivial, i.e. when M is multiply
connected. The theorem of Lyusternik—Fet covers the case for M simply connected.

Theorem 1.2 (Lyusternik-Fet [9]). Any closed simply connected Riemannian manifold car-
ries at least one closed geodesic.

Definition 1.3. A non-constant closed geodesic is said to be prime if it traces out its image
exactly once and if it is not the iterate of another closed geodesic. Similarly, two geodesics
are geometrically distinct if their images differ as subsets of M.
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Two geodesics have the same image if and only if their parameterizations differ modulo
an affine transformation of R. Note, in general, prime closed geodesics are not simple; that
is, they admit self-intersections. We henceforth address the following question.

Question. Does every closed Riemannian manifold M admait infinitely many geometrically
distinct, non-constant, prime closed geodesics?

The case for S? has been proven in the affirmative by Hingston [6]. However, the solution
is not known in general. In the case of multiply connected manifolds, we can enumerate a
class for which the fundamental group m (M) has infinitely many closed geodesics, whereby
the minimization procedure produces infinitely many geometrically distinct geodesics, one
for each homotopy class. As such, the essence of the problem is reduced to the simply
connected case, which was addressed by Gromoll and Meyer [4].

Notation. We will use the following conventional notations.
(i) QM denotes the loop space of a manifold M.
(ii) LM denotes the smooth free loop space on a manifold M.

(iii) AM denotes the free loop space of Sobolev class H' = W2 on a manifold M.
(iv) F, denotes the field with p elements for p > 2 prime.

(v) b, (AM;F,) = rank Hy,(AM;TF,) is the k-th Betti number of AM in F, coefficients,
which is equivalent to the k-th Betti number of LM in ¥, coefficients.

Definition 1.4. Closed geodesics v : S' = R/Z — M are critical points of the energy
functional

Bl = [ Il )
which is defined on the free loop space AM = H'(S', M) of Sobolev class H".

Thus, the critical points of F are determined by the topology of the Hilbert manifold
AM. Let the bilinear map V : I'(TM) x '(T'M') — I'(T'M) on sections of the tangent bundle
T'M be the Levi-Civita connection on M. For a smooth curve v : I C R — M parameterized
by ¢, the covariant derivative V¥ := V¥ defines a vector field along . The curve + is said
to be a geodesic if it satisfies the autoparallel transport equation

Vy = 0. (2)

A geodesic has constant speed ||4(t)|| because -2 |14||*= (V,¥,4). Equation (@) is a second-
order, non-linear, ordinary differential equation with smooth coefficients.

Let p,q € M be distinct points, and consider the space of smooth paths defined on [0, 1]
from p to q:

P(p,q) = {y € C=([0,1], M) : 4(0) = p,~(1) = g} (3)



The space of such paths P(p,q) is a Fréchet manifold and the tangent space at a path
7v is defined as T, P(p,q) = {{ € T'(v*T'M) : £(0) = 0,£(1) = 0}. That is, an element
¢ € T,P(p, q¢) uniquely determines a curve

ag: V(0) CR = P(p,q),  ae(s)(t) = expy)(s€(t)), (4)

where a¢(0) =y and 4| _ ae(s)(t) = £(t),t € [0,1]. The energy functional E : P(p,q) — R
for this Fréchet manifold is defined as

Ely] = / ()Pt (5)

Similarly, the differential of E at v is a linear map dE[y] : T,P(p, q) = R given by the first
variation formula via its action on a smooth section of the tangent bundle £ € T.,P(p, q),
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JE[)E =2 / (ViEA) = —2 / (€. VA). (6)

Remark 1.5. The curve v € C*°([0,1], M) is a critical point of E if and only if Vi = 0;
that is, v is a geodesic from p to q.

For our purposes, we examine Banach and, more specifically, Hilbert manifolds. Consider
the following space of paths of Sobolev class H' defined on [0, 1] from p to ¢ as the domain
for the energy functional:

Qp, q) = {y € H'([0,1], M) : 7(0) = p, (1) = q}. (7)

Such paths are continuous so the endpoint conditions are well-defined. The space Q(p, q) is,
in fact, a smooth Hilbert manifold with tangent space at v € Q(p, q) given by the vector
space of vector fields along v belonging to the Sobolev class H! and vanishing at endpoints:

T,Q(p.q) = {¢ € H'(Y"TM) : £(0) = 0,£(1) = 0}. (8)

Moreover, the energy functional E : Q(p,q) — R is C%. The critical points are the H'-
solutions of the elliptic autoparallel transport equation V¥ = 0. As such, the geodesic
solutions are necessarily smooth.

Consider the length functional

L:P(p.g) >R L] = / ()|t (9)

The functional L is invariant under the action of the infinite-dimensional group of diffeo-
morphisms on the interval [0,1], i.e. L[y(gt)] = L[y(t)] for all g € G := Diffeo([0, 1]). Thus,
the critical points of L form infinite-dimensional families of solutions. The degeneracy is
rectified by observing that some path v € P(p,q) admits positive reparameterizations on
0, 1] with constant speed [10]. A path v € P(p,q) is a geodesic if and only if it is a critical
point of the length functional L[y] and has constant speed.



Consider the quotient space S' = R/Z and the space of smooth loops in M:
LM = C>(S', M), (10)

which is a Fréchet manifold on which the 2-dimensional orthogonal group O(2) = SO(2) x
{£1} acts by (e - ¥)(t) :=vy(t + 0) and (=1 -7)(t) := y(—t). For economy, we consider the
smooth Banach manifold

AM = H*(S', M), (11)

which is the so-called free loop space of M. The inclusion map LM < AM is a homotopy
equivalence, and the O(2) action descends naturally to AM. Equation (&) defines a functional
E : AM — R, whose critical points are smooth periodic or closed geodesics. However, under
present considerations, E is O(2)-invariant which induces critical point degeneracy. Closed
geodesics may be classified crudely by bifurcating isotropy groups. In particular, a constant
geodesic corresponds to a point in M with isotropy group O(2), whereas the isotropy group
of a non-constant geodesic is Z/kZ with 1/k its minimal period for k € Z*.

The tangent space at a point v € AM, identified with a path, is T,AM = H'(v*TM),
which is the space of sections of v*T'M of Sobolev class H! for v : S' — M and v* : T*M —
T*S* its pullback. The free loop space AM of Sobolev class H' is a Hilbert manifold with
respect to a H'-inner product

(& m)1 = /Sl(i,m +/51 (Vi€ Vim) = (&m0 + (Vi€ Vino. (12)
The Arzeld-Ascoli theorem implies a compact inclusion AM = H(S', M) — C°(S', M).

This inclusion may be used to prove the following result.

Proposition 1.6 (Klingenberg [8]). The Riemannian metric on AM given by the H'-inner
product is complete.

2 Morse Theory

The gradient VE is a vector field on AM defined by the following inner product.

(VE[], &)1 = dER)E = (1, Vi€)o, €€ H'(y'TM) (13)

Furthermore, if 7 is smooth then (¥, Vi&)o = —(V+5, &)o such that VE[y] € I'(v*T'M) is the
unique periodic solution of the differential equation:

Vin(t) —n(t) = V(). (14)

The following condition of Palais and Smale is necessary to extend Morse theory to the
infinite-dimensional setting of Hilbert manifolds AM.

Theorem 2.1 (Palais-Smale [I1]). The energy functional E : AM — R satisfies condition
(C) of Palais and Smale:

(C) Let (ym) € AM be a sequence such that E[v,,] is bounded and ||V E[vm]|[1— 0. Then
(Vm) has limit points and every limit point is a critical point of E.
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Let Crit(E) := {y € AM : dE[y] = 0} denote the set of critical points of the energy
functional, i.e., the set of closed geodesics on M. For a > 0, we denote

AS*:={y€ AM : E[y] < a},
A< ={y € AM: E[y] < a},

and
A :={y € AM : E[y] = a}.

The following properties of the negative gradient flow %(ﬁs = —VE(¢s) of the energy func-
tional are due to condition (C) of Palais Smale.

(i) Crit(E)NA=® is compact for all a > 0.
(ii) the flow ¢4 is defined for all s > 0.

(iii) given an interval [a,b] of regular values, there exists a real number sy > 0 such that
b5 (A=P) C A= for all s > s.

(iv) A® = M C A=¢ is a strong deformation retract via ¢, for ¢ > 0 sufficiently small.

Suppose v € Crit(F) is a critical point. The O(2)-invariance of the energy functional F
means that the orbit O(2) - 7 is contained entirely in Crit(E).

Definition 2.2. The index \(y) of v is the dimension of the negative eigenspace of the
Hessian d*E[v].

Definition 2.3. The nullity v(v) of v is the dimension of the kernel of d*E[], i.e. v(7) :=
dim ker d*E[].

Note, (¥) € ker d?E[y] so v(v) > 1 if y is non-constant because Crit(F) is invariant under
the S! reparameterization action. The Hessian of E at 7 is given by the second variation
formula:

PER)(Em) = - / (6,20 + R, m)A). (15)

Definition 2.4. A C%-function f defined on a Hilbert manifold is a Morse function if all
of its critical points are non-degenerate, which means that the Hessian has a 0-dimensional
kernel at each critical point ¢ so dimker d?f(c) = 0.

The energy functional £ defined on AM will never satisfy the conditions of Definition [2.4]
because the critical points at level 0 form a closed dim M-dimensional manifold, which means
that it is never non-degenerate. In a similar vein, the energy functional E is S'-invariant
which means that the kernel of the Hessian of E at a non-constant geodesic v is always at
least 1-dimensional, dim ker d*E[y] > 1, because it contains the infinitesimal generator 7 of
the S'-action.



Definition 2.5 (Oancea [10]). A C?-function defined on a Hilbert manifold is said to be
a Morse-Bott function if its critical set is a disjoint union of closed connected submani-
folds | |, X; and, for each critical point c;, the kernel of the Hessian at that critical point
coincides with the tangent space to the respective connected component of the critical locus,
ker d?f(c;) 2 T;. As such, the critical set is said to be non-degenerate.

Definition 2.6. The index \(p) of a critical point p is defined as v(p) = dim{ Ve C T,M :
d*f(p) < 0}, the dimension of the mazimal subspace of the tangent space at p on which the
Hessian is negative definite.

Definition 2.7. The nullity v(p) of a critical point p is defined as v(p) = dimker d? f(p),
the dimension of the kernel of the Hessian at p.

Theorem 2.8 (Palais [12]). Assume that the Riemannian metric on M is chosen in such a
way that the energy functional E on AM is Morse-Bott.

(i) The critical values of E are isolated and there are only a finite number of connected
components of Crit(E) on each critical set.

(i) The index and nullity of each connected component of Crit(E) are finite.

(iii) If there are no critical values of E in [a,b] then AS® retracts onto and is diffeomorphic
to A=,

(iv) Let a < c <b and assume c is the only critical value of E in the interval [a,b]. Denote
by 31, -, X, the connected components of Crit(E) at level ¢, and denote by Ay, -+, A,
their respective indices.

e Fach manifold ¥; carries a well-defined vector bundle v=%; of rank X\; consisting
of negative directions for d*Els, .

o The sublevel set A=V retracts onto a space homeomorphic to AS® with the disk
bundles Dv=Y; disjointly attached to AS* along their boundaries.

We denote the disk bundles by Dv~33;, which are associated to a fixed scalar product on
the fibers v~%;, a sub-bundle of the normal bundle T3 with inner product given by the
Hilbert structure of the manifold AM. According to [10], there exist smooth embeddings
¢; - ODv=Y; — OA=® with disjoint images from which we can construct a quotient space
AseU |, Dv~%;/~ such that a point lying in the boundary dDv~%; can be identified with
the image under ¢; in A=,

Remark 2.9. When one passes the critical level ¢, the sublevel ¢ + ¢, for e > 0 sufficiently
small, deformation retracts onto the the union of the sublevel c—e and a A(c)-cell. The \-cell
1s the negative vector bundle over the critical manifold consisting of a single point. Such a
retraction is forced by a modification of the negative gradient flow d%gbs = -V f(¢s) of f.

Corollary 2.10. Adopting the the aforementioned a posteriori hypotheses, the sublevel set
A=t is diffeomorphic to and deformation retracts onto A=¢. Similarly, the sublevel set A<°
is diffeomorphic to and deformation retracts onto AS*. In particular, let ¢ € [a,b] be a



non-degenerate critical point of E of index A\(c) such that E|c| = r. Furthermore, suppose
E=Yr —e,r+¢] is compact and contains no critical points other than c. Then it follows that
A=Y s homotopy equivalent to the union of AS"=¢ and a \(c)-cell.

Corollary 2.11. Suppose E : AM — R is a real-valued smooth functional on AM, a < b,
E~a,b] is compact, and there are no critical values between a and b. Then the sublevel set
A=t is diffeomorphic to and deformation retracts onto A=°.

The above provides a useful heuristic for determining the homology groups of AM by
way of the non-decreasing filtration AS%, whereby

AM = lim A=, (16)

a— 00

Thus, the homology of AM is H (AM) = liqu.(Aga). Suppose E is non-degenerate such
that the sequence 0 = ¢y < ¢; < ¢ < --- of its critical values is diverging. Then the following
holds [10].

(i) If ¢; < a < ¢i41, an inclusion AS% < AS® induces an isomorphism on homology
Hy(A=¢) = H,(A=%) which means the homology groups of AS® change when passing a
critical value.

(ii) The change in the homology upon crossing a critical level ¢ of E is entirely captured
by the long exact sequence of the pair (AS¢, A<°):

o Ho(AY) — Ho(AS¢) — Hy(ASe, A<c) T

(iii) If there are no critical values of E in [a, b] then A=t retracts onto and is diffeomorphic
to AS®. Let X¢:= | |/_, ¥; be the critical set of E at level ¢. Therefore, the following
isomorphisms hold.

Hy (A=, A<°) =~ H, <|_| Dv 3y, | 8D1/‘22-> >~ P H. s, (Si50,-5,)

Note, H,_»,(%;; 0,-5,) denotes the homology groups of ¥; with coefficients given by the
local system of orientations of the bundle »~3;. The first isomorphism follows from
excision and (iv) of Theorem 2.8 Likewise, the second isomorphism is induced by the
Thom isomorphism for finite rank vector bundles.

We present the useful and well-known theorem of Gromoll and Meyer.

Theorem 2.12 (Gromoll-Meyer [4]). Let M be a simply connected closed manifold. If the
sequence {by(AM;F,)}i>o is unbounded for some prime p > 2, then any Riemannian metric
on M admits infinitely many prime closed geodescis.

It was shown by Vigué-Poirrier and Sullivan [I3] that for a simply connected closed mani-
fold M, the sequence of rational Betti numbers b, (AM; Q) = rank H*(AM; Q) is unbounded
if and only if the rational cohomology ring H*(M;Q) = @,y H*(M;Q) has at least two
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generators. That is, M does not have rational cohomology that is the quotient of a polyno-
mial ring. There are a few simply connected compact globally symmetric spaces of rank > 1
whose rational cohomology ring H*(M;Q) is not a truncated polynomial ring. In fact, it
was shown by Ziller [I6] that compact globally symmetric spaces of rank > 1 are such that
the sequence of Betti numbers for their free loop space is unbounded with coefficients in 5.
On the other hand, compact globally symmetric spaces of rank 1 have rational cohomology
generated by a single element.

We must address two complications that arise in view of Gromoll and Meyer 2.12] the
first being that iterates 7, : S* — M with v,,(t) = v(mt), m € Z of a closed geodesic v are
themselves closed geodesics (under the action of infinite-dimensional reparameterization),
and thereby constitute a part of the homology of free loop space AM. Second, we would
like to handle degeneracy for closed geodesics. It was shown by Gromoll and Meyer [4] that
a single degenerate closed geodesic adds to homology by at most v(y) for degrees contained
in [A(7),A(y) + v(y)]. This result follows from the lemmata which dictate the behavior of
index and nullity subject to iteration.

Lemma 2.13 (Gromoll-Meyer Index Iteration [4]). The index is either A(7vy,) = 0 for all
m > 1 or there is an € > 0 and C > 0 such that for all m,s > 1:

AVmts) = AMvm) = es = C. (17)
Lemma 2.14 (Gromoll-Meyer Nullity Iteration [4]). The nullity is either v(vm,) = 1 for all
m > 1 or there are finitely many iterations Ypm,, -, Ym. of v such that for all m > 1 there s

an i and j for which m = jm; and v(Vm) = V(Vm,). That is, the sequence {v(vm)}m>1 only
takes on finitely many values.

By virtue of a combinatorial argument and the Gromoll-Meyer index and nullity iteration
lemmata, if the number of simple closed geodesics is bounded, there is a bound on the Betti
numbers of AM.

Let

A, H'(YTM) = I(y'TM), €= —€" = R(3,6)5 (18)

be the self-adjoint asymptotic elliptic operator at the closed geodesic v with compact resol-
vent such that d*E[y](¢,n) = (A&, n) 2. More precisely,

(A6, m 2 = (A, &) 12
= /<_7]// - R(fyv 7])77 77) (19)

:—/@v%+mmmw

Its spectrum is discrete with no accumulation point besides £oo [7]. The eigenvectors of
A, are smooth by elliptic regularity. The eigenvalue problem —¢” — R(%, &)y = —A¢ has no
non-trivial periodic solutions for A > 0. Moreover, the spectrum of the elliptic operator A,
is bounded from below which implies the finiteness of the index of v, given by

Ay) = > mult()) < +oo (20)

Spec(A~)3A<0

8



for mult(A) the multiplicity of the eigenvalue A. The nullity of v is
v(y) = dimker A, (21)

for which we have the bounds 1 < v(y) < 2n — 1. The first inequality is due to () € ker A,
and the second inquality follows because an element in ker A, solves a second-order ordinary
differential equation.

It was shown by Takens and Klingenberg that for a C*-generic metric on a closed manifold
M, there exist closed geodesics of twist type for which the eigenvalues of the Poincaré return
map have modulus unity, or there exist closed geodesics of hyperbolic type for which the
eigenvalues of the Poincaré return map lie outside or inside the unit circle. The Birkhoff-
Lewis fixed point theorem implies that for the former case there are infinitely many prime
closed geodesics in a neighborhood of the twist geodesic. It is then left to show that this is

true for hyperbolic geodesics. It should be noted that if all geodesic orbits are hyperbolic,
then \(7,,) = mA(7).

Theorem 2.15 (Rademacher [14]). Let M be a simply connected closed Riemannian man-
ifold with rational cohomology a truncated polynomial ring in one even variable and all
geodesics hyperbolic. Then there are infinitely many geometrically distinct hyperbolic geodesics.

Theorem 2.16. Let M be a simply connected closed Riemannian manifold with rational
homotopy type that of a rank 1 symmetric space (i.e. S™,CP", HP", P?(Q)) and suppose all
closed geodesics on M are hyperbolic. Then the number 7w(x) of prime closed geodesics of
length less than or equal to x is on the order of

n(e) = {y € AM : Lpy] < a}l~ ——. (22)

Recall that the isotropy group at a non-constant closed geodesic is Z,, with 1/m the
minimal period. Since Z,,,m > 2 are Q-acyclic, we have the following isomorphism on
equivariant cohomology:

Hy, (AM, M;Q) = H*(AM/Zy,, M; Q)
where H; (e):= H*(ez, ) is Zy,-equivariant cohomology.
The most significant consequence of O(2)-invariance for F is that the m-fold iterate v,
of a closed geodesic adds to HY® (AM) by Hy(BZ,,). Thus [,
Z, if e=0,
H’(BZWHZ) = va 1f .Odd7
0, if @ > 0 even.

By the universal coefficient theorem, we deduce that

Zg, if e = O,

Ho(BZy,: 7)) =
( 2 {Zd, if o >0,
where d = ged(m, £), and

Q, ife=0,

Ho(BZm; Q) = {0 if o> 0.
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3 Rational Homotopy Theory

An important consequence of rational homotopy theory is that every simply connected closed
Riemannian manifold M with rational cohomology not isomorphic to a truncated polynomial
has infinitely many geometrically distinct prime closed geodesics.

Definition 3.1. Suppose M, N are simply connected topological spaces. A continuous map
f M — N s called a rational homotopy equivalence if it induces an isomorphism on
homotopy groups tensored with Q.

Definition 3.2. A rational space is a simply connected CW complex whose homotopy groups
are vector spaces over Q.

Definition 3.3. The rationalization of a simply connected CW complex M is the rational
space Mg for which the map from M to Mg descends to an isomorphism on rational ho-
mology, i.e. m,(Mg) = (M) ® Q and, by the universal coefficient theorem, Hy(Mg,Z) =
Hy(M,7) @ Q= Hp(M,Q) for all k > 0.

The rational cohomology ring H*(M, Q) is a graded commutative algebra and 7, (M) ®Q
is a graded homotopy Lie algebra. Let QM be the loop space of M, then 7, (QM)®Q is also
a graded Lie agebra by the Whitehead product structure.

Theorem 3.4. The homology of loop space Hy(QM, Q) is the (graded) universal enveloping
algebra of the (graded) Lie algebra me(QM, Q) = me_1(M, Q).

Definition 3.5. Let M be a simply connected (CW complex) space for H*(M,Q) finite-
dimensional over Q. A simply connected space M is said to be rationally elliptic if the
homotopy Lie algebra (M) ® Q is finite-dimensional over Q, or else it is rationally hyper-
bolic.

According to Félix and Halperin [3], if M is rationally hyperbolic, there exists an o > 1
and an integer N such that for all n > NV,

> dimgm(M) ® Q > o™ (23)
=1

Remark 3.6. Let M be a simply connected closed Riemannian manifold. Then the rational
cohomology ring H*(M;Q) requires more than one generator if and only if Toga(M) ® Q is
more than 1-dimensional, i.e. dimm,qq(M) @ Q > 1.

Proof. A basis for rational homotopy (M) ® Q corresponds to a set of algebra generators
of the minimal model. Then the claim follows from Proposition 1 of Vigué-Poirrier and
Sullivan [13]. O

Corollary 3.7. The rational space Mgy cannot be a K(G,n) Eilenberg-MacLane space for
G singly generated if dimmogq(M) @ Q > 1.

Proof. Suppose the rational space My is a K (G, n) Eilenberg-MacLane space. Then for n
a positive integer, m,(K(G,n)) = G, and m;(Mg) = 0 for all i # n. Thus, dimm;(Mg) =
dim 7;(M) ® Q = 6;,,, which implies that dim moqq(M) @ Q < 1. It follows that H*(M; Q) is
singly generated so Mg # K(G,n), a contradiction. O
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Lemma 3.8. If the rational cohomology ring H*(M;Q) is not singly generated, Mgy =
M x EQ # K(G,n) for any positive integer n or group G acting freely on M.

Theorem 3.9 (Hurewicz Theorem). If X is an (k — 1)-connected topological space, then for
a positive integer n, the group homomorphism

fo i mp(X) = Hp(X)
1s an isomorphism for all n < k and an abelianization for n = 1.

Definition 3.10. Let G be an abelian group. The group G ®z Q is the divisible hull of G.
The dimension of G ®z Q over Q is the rational rank of G. We denote by rank o(G) the
rational rank of G. If G is torsion free then the map G — G ® Q is injective and the rank
of G is the minimum dimension of the Q-vector space containing G as an abelian subgroup.

Lemma 3.11. If M is a rationally hyperbolic manifold then dimgm (M) ® Q > 2 and
dimg 7, (M) @ Q > o*! for an integer k > 1 and a real number o > 1. Moreover,
dimg Teaa(M)®Q > 1 so the rational cohomology ring H*(M; Q) has at least two generators.

Proof. 1f M is rationally hyperbolic, there exists a real number o > 1 and an integer N such
that

Zdlm@m(M) ®Q Z a”
i=1

foralln > N. If n = 1 then dimgm (M) ® Q > «a for a > 1 so dimgm (M) ® Q > 1.
If n = 2 then dimgm (M) ® Q + dimg m(M) ® Q > a?. Assume dimgm (M) ® Q = «
so that dimgm(M) ® Q > o? —a. If n = 3 then dimg m (M) ® Q + dimg m (M) @ Q +
dimg m3(M) ®Q > a. Let dimg m(M)®Q = a? —a so a+ (a? —a)+dimg m3(M)®@Q > o

or dimg m3(M) ®Q > o — a?. It follows by induction that dimg 7 (M) ®Q > of —a*~! fo
a > 1. More generally, dimg 7, (M) @ Q > o* (o — 1) > o1 or dimg m(M) @ Q > af~
for a > 1. As per the above, for k = 1, it is already known that dimgm (M) ®@Q > 1. O

Le

Another program for determining the dimension of m;(M) ® Q is by way of minimal
models. If M is a closed, simply connected smooth manifold, then the rank of the rational
homotopy groups m;(M) ® Q equals the number of degree i generators introduced in the
construction of the minimal model for M. For manifolds that are formal, e.g. if M is
Kahler, their cohomology ring with trivial differential is quasi-isomorphic as a differential
graded algebra to the minimal model. Thus, we can use the cohomology ring to determine
the rank of rational homotopy groups.

Theorem 3.12. Let E : AM — R be a Morse function on the free loop space of Sobolev
class H'. Let C denote the number of critical points of the energy functional E of index ).
Then we have the following constraints:

rank Hyx(AM) = by < C) for each ),
NSV SEIe

A
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Proof. Let Ay be obtained from Ay by attaching a handle of index A for M, C M, then
Hy(Ay, Nog) = Hy(D*, S*1Y). Thus, Hy(A1,Ag) = Z if k = X and 0 otherwise. Denote by
¢1 < € < -+ < ¢, the critical values of E. Consider the sequence of real numbers {a;} such
that ¢; < a; < ¢i4q for 0 < i < n —1, and let A; = AS%. Thus, we obtain the inclusions
of an increasing sequence of manifolds with boundary, D¥AM — Ag c Ay C Ay C ... C
A, = AM, where A;,; is A; with finitely many cells attached for each critical point in the
set Alweit1l - Since homology groups Hj are sub-additive, it follows that

rank Hy(AM;Z) < rank Hy(Ai, Ay)

so the rank of Hy(AM;Z) is less than or equal to the number of critical points of index k. O

Suppose AM is elliptic with top non-zero rational homology group in degree n. Then the
Euler characteristic of the infinite-dimensional CW complex AM is x(AM) = >3 (—=1)*C),
and by, < (. Furthermore, by < (K) so Cy = (;L) as demonstrated in the following lemma.

Lemma 3.13. If AM is an elliptic space with top non-zero rational cohomology in degree
n, then the rational cohomology ring H*(AM; Q) is the complete intersection ring and does
not have at least two generators because the sequence of Betti numbers {by(AM;Q)}r>o is

bounded by {(}) }r>o-

Let M be rationally elliptic so that by 1(M) = 0, for £ € N, if x(M) > 0 and let
mi(M)®Q =0 for i < dim M — 1. Let n := dim M such that

X(M) =" (=1)*rank Hy(M;Q)

>
o

i(—l)Adimm(M) ®Q 24
A=0
(—1)"dimm, (M) ®Q > 0.

Recall the isomorphism 7, (AM; Q) = 7,1 (M;Q), which implies m,(AMy) = 7, (AM)®Q =

Tnr1(M) @ Q = Hy, 1 (M) ® Q where it is assumed that m;(M) ® Q = 0 for i < n — 1. Then
Hy1(AMo; Z) = Hy i (AM;Q) = 7, (M;Q) = 7, (M) @ Q

= H,(M)®Q= H,(M;Q),

(25)

where the first isomorphism follows from the rational Hurewicz theorem and the last by
H,(My;Z) = H;(M;Z) ® Q = H;(M;Q). We a priori assume the odd Betti numbers by; 4
vanish. Then we obtain the following bounds:

dim M
0<x(M)= D (~1)'b(M; Q)
= i (—1)""'b_1(AM; Q) (26)
< N (—1)"rank H;(AM;Q) = x(AM)

12



so 0 < x(M) < x(AM) or x(AM) > 0.

Theorem 3.14. Let M be a closed (dim M — 1)-connected Riemannian manifold. If the
Euler characteristic x(AM) of free loop space of Sobolev type H* = W12 is positive, then M
1s rationally elliptic.

Bott’s conjecture posits that any simply connected closed Riemannian manifold with
nonnegative sectional curvature should be rationally elliptic. Assuming Bott’s conjecture
holds, if the sectional curvature of M is nonnegative, i.e. K > 0, then M is rationally
elliptic. As before, let M be a closed orientable even n-dimensional Riemannian manifold
without boundary, and suppose € is the curvature form of the Levi-Civita connection ¢V
associated with M of dim M :=n = 2k, k € N. Then 2 is an so(n)-valued 2-form on M, so
it is a skew-symmetric n-by-n matrix of 2-forms over A®**T*M. Let P f(2) denote the n-
form Pfaffian. Since the sectional curvature is nonnegative, by the generalized Gauss-Bonnet
theorem,

Y(M) = % / PF(©)

\/7 i exp( Trlog((o, ® Io)" -Q)) > 0.

The prime geodesic theorem describes the asymptotic distribution of prime geodesics on
an n-dimensional hyperbolic manifold M = H"/T" with " a discrete subgroup of S O(JE n)]R.

(27)

Theorem 3.15 (Prime Geodesic Theorem [15]). Let M be a hyperbolic manifold of dimen-
sion dim M = m—+1. Furthermore, letI' = w1 (M) be its fundamental group. For any element
v € I there exists a closed geodesic representative v in M. Let {(vy) denote the length of the
geodesic vy, N(v) := e its norm, and wr(x) the number of primitive elements v € I' such
that N( ) < x. Moreover, let {z,...,zy} denote the zeros of the Selberg zeta function and

= [ L the logarithmic mtegml Then mr(z) satisfies the following equality.

mr(z) = li(z™) + Z li(x*™) + (error term) (28)

As before, let C'y denote the number of critical points of £ : AM — R of index A where the
index of a critical point v € AM is A\() := dim{Vipax C TLAM : d*E < 0} < +00. Consider
the energy functional £ : AM — R for AM an infinite-dimensional Hilbert manifold. For
a,b € R regular values of E, let Cy(a,b) denote the number of critical points of index A in
E~'[a,b] with homology rank ry(a, b) = rank (H\(AM" AM®)) and torsion rank t(a,b) =
t(H\(AMP®, AM®)) for AM® = E~'(—00,c]. That is,

r,\(a, b) + t)\(a, b) + t)\_l(a, b) S C)\,

S (D (e <31
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for A =0,1,.... For sufficiently large A, the last inequality becomes an equality. Thus, for
X(AM) = 357 (1) A (AM; Q) and by +t) + -1 < Cy, we have by < C,. Therefore the
total number of primitive elements v € I' is
t 00
lim 7r(x)dx = / 7r(x)dx.
0

t—o00~ 0

Recall, the total number of critical points is given by the sum over all indices of the number
of critical points of a specific index, i.e., Y, C\. As such,

Oy =) ba(AM;Q) = /0 h mr(z)dz. (30)

That is, for AM = H> /T hyperbolic,

dim AM 0 N
Z bA(AM; Q) = / li (2 AM=1) d; 4 Z li(z*)dx + (error term)dx
A=0 0 n=0

1 k 1 zn >
= kh—glo )dz + Z/ )dx + /0 (error term)dz.

0

Moreover, for AM = H*>/I" hyperbolic with I' C SO(JE’OO)]R, the Poincaré polynomial of
ADM is the generating function of Betti numbers of AM PAM(Z) = bo(AM) + by (AM)z +
bg(AM)Z2—|—, SO PAM( ) ZA Ob)\ AM fO 7Tp

Lemma 3.16. By the main result[6.14),

/000 mr(z)dx = Py (1) = +o0.

Thus, there are infinitely many such prime closed geodesics.

We remark that we have only shown this to be true for AM hyperbolic. Thus, we resort
to a holonomic classification of simply connected manifolds due to Berger.

4 Holonomy, The Berger Classification, and The Clas-
sification of Symmetric Spaces

We begin with preliminary definitions of reducibility and irreducibility of holonomy repre-
sentations.

Definition 4.1. The Riemannian holonomy of a Riemannian manifold (M, g) is the holon-
omy of the Levi-Clivita connection on the tangent bundle of the manifold.

Definition 4.2. A Riemannian manifold (M, g) is said to be (resp. locally) reducible if it is
(resp. locally) isometric to a Riemannian product.

14



Theorem 4.3 (de Rham [2]). If a Riemannian manifold is complete, simply connected, and
if its holonomy representation is reducible, then (M, g) is a Riemannian product.

Berger provided a complete classification of holonomy for simply connected Riemannian
manifolds which are irreducible and non-symmetric (see Table [T]).

Hol( 9) dimg (M) G-structure Description
SO(n) n Orientable manifold -
(n) 2n Kéhler Kéhler
SU(n) 2n Calabi-Yau Manifold Ricci-flat, Kahler
Sp(n) - Sp(1) 4n Quaternion-Kéahler manifold Einstein
Go 7 (G5 manifold Ricci-flat
Spin(7) 8 Spin(7) manifold Ricci-flat

Table 1: The Berger classification of holonomy groups for irreducible and non-symmetric
simply connected Riemannian manifolds.

There is a sequence of inclusions Sp(n) C SU(2n) C U(2n) C SO(4n) so every hy-
perkéahler manifold is Calabi-Yau, every Calabi-Yau manifold is Kéahler, and every Kahler
manifold is also orientable.

Theorem 4.4. If M s simply connected and has reducible holonomy, then the de Rham
decomposition theorem implies that M is a product, and hence does not have rational coho-
mology generated by one element.

Proof. Let M be a simply connected n-dimensional manifold such that there is a complete
decomposable reduction of the tangent bundle TM =TOM @ TOM & --- & T®M under
the action of holonomy and the tangent bundles T M parameterizing Frobenius-integrable
distributions. If Hol(M) is reducible then M = Vi x V; x .-+ x V} for each V; an integral
manifold for the respective tangent bundle 7 M where V} is an open subset of R*. Moreover,
the holonomy group Hol(M) splits as a direct product of the holonomy groups of each
M;. Thus, if M = My x My X --+ x My, then Hol(M) = Hol(My x My x --- X M) =
Hol(Mj) x Hol(M;) x - - - x Hol(My). So M = My x My X --- X My means H*(M;Q) cannot
be singly generated. O

Coupling the Berger classification with the de Rham decomposition, one obtains a clas-
sification of reducible holonomy groups by requiring that each factor is one of the examples
from Berger’s list, realized by compact simply connected manifolds. One can find metrics on
product manifolds with irreducible holonomy so the converse of Theorem [4.4] is false. More
precisely, a generic manifold, with O(n) holonomy or SO(n) if it is orientable, will have
irreducible holonomy and have homology that is not generated by a single element.

Corollary 4.5. If M is oriented then Hol(M) = SO(n) so there are at least two non-trivial
classes in H*(M;Q). Thus, if Hol(M) = Hle Hol(M;) then H*(M;Q) must have at least
two generators.
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Since Ziller [16] showed by (AM;F5) to be unbounded for M a compact globally symmetric
space of rank > 1, we only consider simply connected Riemannian manifolds which are
irreducible and non-symmetric, as well as non-compact symmetric spaces of rank 1. We
obtain the following classification of reducible holonomy groups from Berger’s classification
and de Rham’s decomposition theorem. We require that each factor in the decomposition
is one from Berger’s list or the holonomy of an irreducible non-compact symmetric space of
rank 1, which may be interchanged with a compact symmetric space of rank 1 under bijection
in the decomposition. Let N be a simply connected Riemannian symmetric space. Then it
may decomposed as N = Ny x Ny X --- x N, for Ny Euclidean and the other /V; irreducible.
As such, the classification of symmetric spaces is reduced to the the irreducible case. By
duality de Rham (see [5], P. 199), compact and noncompact simply connected irreducible
symmetric spaces may be interchanged, which therefore simplifies the classification to that
of compact irreducible symmetric spaces.

Let M be an n-dimensional simply connected Riemannian manifold that is not a compact
symmetric space of rank > 1. The holonomy is then a direct product decomposition of:

Hol(M) = H SO(ny) H U(ny) H SU(n3) H(Sp(n4) - Sp(1)) H Sp(ns) H Gs H Spin(7)

x Hol(compact symmetric spaces of rank = 1)

where it is required that a given decomposition has a least two irreducible factors and
1 < N, < oo for every k in the expansion. Adopting the Cartan labeling convention, we
consider the label AIIL, BDI, CII, FII symmetric spaces G/K.

Remark 4.6. For label AIl, G/K = SU(p+q)/S(U(p) x U(q)) has rank(G/K) = min(p, q)
and dim(G/K) = 2pq. So we letp =1, such that K = S(U(1)xU(q)). If we let dim(G/K) =
n=2q thenq="% or K =5 (U(1) x U(%)).

Remark 4.7. For label BDI, G/K = SO(p+q)/SO(p) x SO(q) has rank(G/K) = min(p, q)
and dim(G/K) = pq. So if we let p =1, SO(1+q)/SO(1) x SO(q) has dimension q. Thus,
K =50(1) x SO(n) for dim(G/K) = n.

Remark 4.8. For label CII, G/K = Sp(p+q)/Sp(p) x Sp(q) has rank(G/K) = min(p, q) and
dim(G/K) = 4pq. We letp =1 so Fy/Spin(9) has dimensionn = 4q or K = Sp(1)xSp (%).

Remark 4.9. For label FII, G/K = Fy/Spin(9) has rank(G/K) =1 and dim(G/K) = 16.

Note, if M = R™ with the flat Euclidean metric then parallel translation is simply a
translation in R". In particular, if P, : TyM — T,q)M for v : [0,1] — M, then P, is the
identity for each v so Hol(R™) is the trivial group, and it may be ignored in the decomposition.
Thus, the decomposition of compact symmetric spaces for the problem under consideration is
Hol(compact simply connected symmetric spaces) = S (U(1) x U(%)) x (SO(1) x SO(n)) x
(Sp(1) x Sp(2)) x Spin(9). To be more precise, the holonomy of a reducible simply connected
Riemannian manifold M (excluding compact symmetric spaces of rank > 1) is given by the
following.
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Theorem 4.10. (Classification of Reducible Holonomy.) If M is an n-dimensional simply
connected Riemannian manifold with decomposition M = M; X --- x M; of irreducible Mj,
(k=1,...,7), then it has holonomy decomposition given by the direct product:

N1 N N3 Ny
Hol(M) =[] SO(m) [] Una) [] SU(ns) [ (Sp(na) H Sp(ns H Gs H Spin(7
z;l io=1 ;\3[9:1 i4=1 - i5=1 nglll i7=1

[ 5w < Une) [T(50(1) x SO(nn)) [T (5p(1) x Sp(ns)) [T Spin(9)

ig=1 i9=1 i10=1 i11=1

where it is required that there are at least two factors in a given decomposition and ), dimg(M;) =
n.

Corollary 4.11. If M s a simply connected Riemannian manifold with reducible holon-
omy given by the previous theorem, the rational cohomology ring H*(M; Q) has at least two
generators.

Since Riemannian spaces that are locally isometric to the homogeneous spaces G/H have
local holonomy isomorphic to H, the holonomy decomposition is

Ny N3 N3 Ny

Hol(M) = H SO(ny) H U(ns) H SU(ng3) H(Sp ny) H Sp(ns H Go H Spin(7

i1=1 i9=1 i3=1 ig4=1 i5=1 ig=1 i7=1
Y N N
1 SU(ng + 1) " SO(n7 +1) i Sp(ng + 1)
Hol Hol Hol
[[ 1o <S<U< 1) U<n6>>) [[ 1o (SO< ) % SO(nr) ) ] o ( ) % Sp(ns)

If o <Sp§f<9>) '

i11=1

Let M be any space whose rational cohomology ring is a free graded-commutative algebra.
Then the rationalization Mg is a product of Eilenberg-MacLane spaces. This hypothesis on
cohomology also applies to compact Lie groups. Consider the decomposition of M, i.e.
M = M, x - x My, then the rationalization of holonomy is Hol(M )y = Hol(M) xo EQ and
Hol(Mg) = Hol(M xg EQ) = Hol(M) x Hol(EQ). The total space of the universal bundle
over BQ is EQ = BQ x Q since BQ = EQ/Q. Note, BQ is the Eilenberg-MacLane space
K(Q,1)s0 EFQ=K(Q,1) x Q.

We can obtain the space K(Q, 1) by the following procedure. Take the circle S*, consider
the sequence of maps f,, : ST — S! of degree n, and form an infinite mapping telescope of f,,,
a special case of a homotopy colimit. Observe, Q is the filtered colimit Z — Z — - - - where
successive maps are multiplication by 1,2, .... Note, since QQ = * regardless of its topology,
the resulting classifying space BQ will be a K(Q, 1) space. It follows that Hol(M)q =

Hol(M) xg EQ and Hol(Mg) = Hol(M) x Hol(EQ), so Hol(M)g = Eg}gg xq FQ. B

first computing the rationalization space Mg, we can determine the equivariant cohomology
ring Hy(M;Q) = H*(EQ xg M;Q), noting that the rationalization Mg is the product of
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Eilenberg-MacLane spaces whose rational cohomology rings are easier to compute. Since the
decomposition of M is given by:

Ny N N3 Ny
M = H Morientable, SO(n1) H ]\4]E(éhler7 U(n2) H ]\JCalabi—Yau7 SU(n3) H Mquaternion—Kélhler, Sp(na)-Sp(1)

i1 1 i2 1 i3=1 i4=1
No
Mh erkahler, Sp(ns MG MS in(
ll v o 51 2;{ P 115 (1) x Une)) 24 SO(1) x SO(n7)

Nio

Sp ng + 1)
H Sp(1) x Sp(ns) 111_[ Spm

110=1

we can compute the rational cohomology ring H*(M; Q) by the Kunneth formula.

® H* orlontable SO(n1) ® H* MKahlor U(na)s ® H MCalabl Yau, SU(n3)» Q)

i1=1 i0=1 i3=1
Ni1

® - @ Q) H*(Fi/Spin(9); Q)

i11=1

5 Palais-Smale Local Approximation for Free Loop Space

Let ¢ be a chart on the Hilbert manifold AM defined by
p: U—-V CR"

v (/51||7(t)||2dt, /slwt)Hth"”) : (31)

satisfying the following commutative diagram:

U—L—vcre

| A

R

The Morse Lemma can be generalized to the infinite-dimensional setting. On separable
Hilbert spaces, it takes the following form.

Theorem 5.1. Let H be a separable Hilbert space and f : H — R a C* function f with
k > 3 in the sense of Fréchet differentiability, for which c is a non-degenerate critical point.
Then there exist conver neighborhoods U and V of ¢, and a diffeomorphism ¢ : U — V of
class C*=2 with p(c) = ¢ and a bounded orthogonal projection P : H — H such that

f(@) = f(e) = [IP(e(@)E+e(@) — Ple(@)|lE, (32)

where dim im P s the Morse index of the critical point c.
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Theorem 5.2. If the energy functional E : AM — R, defined by E[y fsl||7 (t)||?dt for
v St — M, is a C3-function, then M is a union of infinitely many Bazre spaces S*°.
Proof. Assume that the Riemannian metric on M is chosen such that the energy functional
E : AM — R is Morse-Bott, i.e., F/ is a C?-function. Assume that £ is also a C*-function
by choice. Let H, C AM and let AM = J, 4 Ho ® Hy for A the set of critical points
of E. Further, let U, C AM be a local neighborhood of the critical point 5,. Then the
projection map P : U, — H, has P(x) =m for x =m +m',m € H,,m' € H:. Recall that
dimim P = A\(5,). Let {%k}k(ﬁ " be an orthonormal basis for H,. That is, the orthonormal
basis satisfies the following criteria.

(i) Orthogonality: Every two different basis elements are orthogonal, i.e. (vx,7;) = 0 for
all k,j=1,...,A(Ba) with k # j.

(ii) Normalization: Every element of this basis has norm 1, i.e. ||y.||= 1 for all £ =

A(Ba)-
(iii) Completeness: The linear span of the family 7,x, for k =1,...,A(5,), is dense in H,.

Similarly, let {75 }rep, for B := (AM(Ba) + 1, A(Ba) + 2,...) a countable but infinite set, be
an orthonormal basis for H1, satisfying the above properties, of dim H: = codim H, =

for dim Hy, = A(Ba). Then (Yak,va;) =0 forallk =1,...,X(fa),J = A(Ba)+1,.... We may
construct AM as a patching over neighborhoods for sufficiently many critical points, which
are homeomorphic to H, ® H for a € A. Thus, for U, an open neighborhood of 3, € AM,
U, = H, ® H such that for v, € U,, there exists a unique 0, € H, and &, € H such that

Yo = 0o + €4 Whereby 6, = Zz(ff) CoakVak and e, = Z;i/\(ﬁa)ﬂ CE’}/OJC‘] Thus,

Z CakVak + Z Ca]’ya] (33)

Jj= )\(Ba)
where <%k,%fj> = 0. We invoke Theorem [6.2] to conclude that £ : AM — R may be
approximated by a smooth functional E. : AM’ — R with infinitely many critical points
so that A in AM = ., Ho ® HZ is uncountable or countably infinite. Note, this follows
because U, is dense.

Furthermore, let {7,x}72,; be an orthonormal basis for U, = H, & Hi such that if
Yo € Uy then v, = D777, CarVar and P : Uy, — H, means P(7y,) = P (D"~ CakVak). Since
P is a linear operator, P(Va) = 0n = Y po; CakP(Yar). Let {Qak}?’zl be an orthonormal
basis for H, where 0, = 0 for k& > A\(5,). That is, {Qak}k(ﬁ “’ is an orthonormal basis
for H,. Then P(Yar) = Oar and P(Yar) = Oar = 0 for &k > A(B,). Let {6’51‘3};‘;)\(6&1)Jrl
be an orthonormal basis for Hy. Then for P, : U, — H and P|(va) = 6%, we have
Pi(Va) = €a = Y ey Cak PL(Yak) such that Py (yar) = 0, = 0 for k < A(Bs) + 1. Therefore
Yo = Z/;“;l CakVak and

P(Ya) =00 = carP(Vat)
k=1

acA

O if k < A(
0, ifk> A

— Cak P(Var) With P(yar) = { gaz’
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PJ.(’VOC) =&q = ZC/(-;kPJ_(’yak)

N - . O, if k> MNBa) + 1,
= Z CakPJ_(fYak) with Pl(fyak) = {Oak - A(ﬁ ) |
i L i< A8+ L

where (6o, 0,;) = 0 for all k = 1,...,A(fa),j = A(fa) + 1,.... Thus, by the Morse-Palais

Lemma B Elva] = E[Ba] — [[P((ra))Rn+le(7a) = P((va)) 3 Where @ : U — Vis a
diffeomorphism such that for v, € Uy, ©(Va) = Va, i-€. © = idy, by identification. It follows

that

Elya] = ElBa] = I1P(e(ya))llan+le(va) — Ple(va))llas
E[Ba] = I1P((ra))3ar+17allar—2Re(Va: P(va)) + 1P (va)las (34)
= E[Ba] + l17allAnr—2Re{7a, P(7a))-

Let
Po i Uy N H, — RN
Yo 7 ('Voala s 7701)\(5,1))

since H, is a vector space, so the tangent space T, H, at any point v, € H, is canonically
isomorphic to H, itself. Similarly, let

b0 U, NH- 5 R>
Vo 2 (7&177@2’ . )
with H, N H: = {f,}, affinely translated {0}. Then let
bo: U, — R™
Va — (7&177{127 e )
be a chart on U,. Thus,
o Uy, =R
Va = Yevi

are local coordinate charts such that ¥, = > 1| CarVak = D pes Cak®r 50 Vol = (Yar Ya)anm

HZZOZI cakqﬁ(’;HiM => Hcakqﬁ(’;HiM since the ¢*’s are orthogonal by choice, and ||7.[|% =
> onen CarllotlXar where (|95 [130= |95 I3+]IVid% ][5 Tt follows that

allXar= D can (I98IE+HIVedR 1) -
k=1

Likewise, 0, = S 20 e P(¢k) = STA0) ek since P(¢F) = ¢F for k < A(Ba). Re-
call Yo = Zk:l CakVak- Therefore, <7a7P(7a)>AM = <Zk 1cak¢ Z)\iﬁa a9¢]> =
Z(k,j)erJCakaj<¢§>¢g¢> = CaCak = Ca. As such, E[y.] = E[Ba] + 3272, ak||¢k||AM Ca
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or, for Cy = Elya] = E[Ba] +2Cs, we have Y57, €2, [ ¢k 3 1= Cao where 5 = 3332, cardh =
2
CatOLA-Cand?+- -+, and ¢F is defined on U,. Then cop = fua OF (Va)dya- Thus, 07, %Hqﬁ’;H%M:

1 so letting aq, = C?,/ C., we have
> aarlldhlia= 1. (35)
k=1

The locus of all points {¢.,#2,...}, i.e. the coordinates on the patch U,, corresponds to
an infinite-dimensional ellipsoid with a.; # 0 for k € Z™ because, otherwise, a,; = 0 would
obstruct the uniqueness and existence of the orthonormal basis. Thus, >3 | aax|#X[|3,,= 1
for each U,,. It follows that

AM = U, = U{( L2, ) eR™

acA aEA

S 6 1} ~ s~ ()
k=1

acA

Suppose there exists a suitable C-perturbation E. of E such that there is an atlas with
AM = |JpeqUa where U, is locally a Hilbert space for all o € A. Then given such a
distribution of critical points on AM, we can compute the cohomology groups via a nerve of
a good cover and, thus, the sequence of Betti numbers. Note, such a construction of an atlas
for AM can always be made because E. is an arbitrary C%-perturbation of E. Then the
rational cohomology of the Baire space H*(S5°°; Q) is the inverse limit lim H kS Q). O

Lemma 5.3. Let AM C R*® be a paracompact connected Hilbert manifold. Moreover, let
E : AM — R be a C*-function. Then the simplicial complex A := {vy € AM : dE[y] = 0}, for
vertices identified with the intersections of a refined open cover {U,}aca the non-degenerate
critical points of E, is homotopy equivalent to AM .

Proof. A C°-perturbation of the energy functional £ : AM — R produces infinitely many
critical points. Suppose we form a good cover U = {U,, }a,ea such that each U,, is a
neighborhood of the non-degenerate critical point ;. Then, in general, this should be a cover
of AM and the map from the geometric realization of the simplicial space, i.e. the topological
nerve of {U,, }, to AM is a homotopy equivalence. Likewise, the geometric realization of
the topological nerve R(Top-Nrv(U)) is homotopy equivalent to the geometric realization
of the simplicial set for which the |A|-simplices are |A|-tuples (o, ..., aj4)), whereby the
intersection (1 Ua, is nonempty and |A|— oo under C%-perturbation of E. O

Treating AM as a CW complex, by Theorem [5.2] it is given by the union of Baire spaces,
namely M = J, o4 5% without information on intersections. The only requirement is that
the union of such Baire spaces covers AM. Let ¥ = {S%,..., 5%} be a finite collection of
sets, with cardinality |A|. The nerve consists of all sub-collections whose sets have a non-
empty common intersection, Nrv(X) = {X C X : (X # 0}, which is an abstract simplicial
complex. That is, suppose we form a good cover U = {U,, }a,ea such that each U,, is
a neighborhood of the non-degenerate critical point ;. Since all Hilbert manifolds are
paracompact, we may compute homology of the CW model of AM via Cech homology:

(U, F) = lim Hy(U, F)
UcA
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for F a presheaf of abelian groups on AM, and A a directed set consisting of all open covers
of AM, which is directed by ¢ < V for V a refinement of ¢/. Cech homology is similarly
given by Hi(AM,F) = lim, Hi(Nrv(U), F).

6 Integral Cellular Homology and Smith Normal Form
for Free Loop Space

Lemma 6.1. Every continuous map f : M — R"™ from a Hilbert manifold can be arbitrarily
approximated by a smooth map g : M — R™ which has no critical points.

Theorem 6.2. A continuous map f : M — R™ from a Hilbert manifold may be approximated
to create infinitely many local minima and mazima by a small C°-perturbation. This is
impossible, in general, for a C*-perturbation.

Proof. Working in local charts, let o(t) := max(0, min(2t,1)) for t € R. For ¢ > 0, define
fe(z) = f(o(||x||/e)x). Then f. is constant in the ball of radius €/2, it coincides with f
outside the ball of radius €, and || f — f:||o= 0(1) for ¢ — 0. O

Lemma 6.3 (Homotopy Invariance). The respective homotopy types of a closed Riemannian
manifold M and its (free) loop space AM are invariant under a C°-perturbation of the energy
functional E : AM — R in an open neighborhood of a critical point v € AM of index .
For e > 0, such a local C°-perturbation of E is given by E.[y] = Elo(||v||/)y] where
o(t) :== max(0, min(2¢,1)) fort € R.

Proof. The canonical fibration QM — AM YoM admits the section M < AM given by
the inclusion of constant loops, which implies that the associated long exact sequence of
homotopy reduces to the split short exact sequences 0 — 7 (QM) — m(AM) — m (M) — 0.
Thus, for £ > 1 we have canonical isomorphisms

Wk(AM) = Wk(QM) X Wk(M) = 7Tk+1(M) X Wk(M)

Then for AM = E~!(—o00,0), define by AM’ := E-'(—00,00) the free loop space corre-
sponding to the perturbed M, say M’, after a C°-perturbation E. of the energy functional.
For a C%-perturbation, E. is constant in the ball of radius £/2 and it coincides with E out-
side the ball of radius €. The point v € AM has index A\. Then let o be the number of
critical points, excluding ~y, of index A. All of the infinitely many local minima or maxima
in the e-neighborhood created by the C%-perturbation are also of index A. Therefore, the
number of critical points of index A changes from 1+ « to +00 since infinitely many critical
points of index A are added in addition to the already existing (1 + a)-many. It follows that
AM = AM' under homotopy. Likewise, m(QQM) = mp(QM").

We will now use this homotopy equivalence m, (AM) = 7. (AM’) to show that the homo-
topy type of M is fixed. From the canonical isomorphisms, 7, (AM) = 7, (QM) x 7, (M) =
T(AM') =2 1, (QM') X mp(M'). By 7 (QM) = mp(QM"), it follows that (M) = mp(M').
Let f: M — M’ then, because 7 (M, x¢) = mp(M', f(x0)) for xg € M, it follows that f is a
homotopy equivalence so M and M’ are of the same homotopy type. This is similarly seen
through the isomorphism 7 (Q2M) = 7,1 (M). O
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Let Y, = Yi_1 Ui’;eAk H* be a manifold Y_; with | A|-many \-handles H* = DdmYe—1=2
D> attached along the embedding map 6, : S~ x DImYe1=% 5 gy, for 1 <k < N

and 1 < ay < |Ag| with Yy := D> a Baire space and Y := Y. Thus, free loop space has a
handle decomposition given by AM :=Y = D> Ufle [Ue’“ H ’\k} where ) is the index

ap€EAL
of |Ag|-many critical points of the Morse functional £ : AM — R.

There is a deformation retraction of Y, = Y54 UZ’; ea, H e onto the core Y Ui’; A, (D x
{0}) so homotopically attaching a Ag-handle is the same as attaching a Ag-cell. Thus,
Y, ~ Y1 Ui’;eAk(D)‘k x {0}) & Vi, UZIZEA;C e for e a \j-cell. In the handle decom-
position, we collapse each handle D™ x D"~™ to obtain a homotopy equivalent CW complex

~c AM under homotopy G : X — Y. Thus, let n,, denote the number of \;-handles of
AM. Then AM has an infinite-dimensional CW structure with ny,-many \;-cells for each
1< < N.

In particular, we construct the CW complex for AM as follows:
(i) Set Xy := D, which is regarded as an oo-cell D* x {0} modulo a point {0}.

(i) Form the k-skeleton X} from X, _; by attaching \i-cells et via attaching maps ¢* :
Sk — Xy for eX+. Here, we abbreviate X, by Xj.

(iii) We stop the inductive process with AM ~ X = Xy for N < oco.

Definition 6.4. Fuvery cell e® in the cell complex X has characteristic map ®F : DF — X
extending the attaching map ¢&. It is a homeomorphism from the interior of DE onto €.
Namely, @’; 1s the composition ijé — X1 U, D'; — X — X where the middle map is a
quotient map defining Xy.

The CW complex X is infinite-dimensional because the 0-th skeleton X° = D is infinite-
dimensional. We topologize X by saying a set A C X is open (resp. closed) if and only if
AN Xy is open (resp. closed) in Xy for each k. That is, a set A C X is open (resp. closed)
if and only if ®-1(A) is open (resp. closed) in DF for each characteristic map ®,. The
first direction follows from continuity of the characteristic maps ®,. In the other direction,
suppose ®_1(A) is open in D* for each ®,. Further suppose by induction on k that AN X, 4
is open in X;_;. Since ®;1(A) is open in D* for all a, AN X}, is open in X}, by definition
of the quotient topology on Xj;. Thus A is open in X, from which it follows that X is the
quotient space of | |, , DF. The (k+1)-th skeleton is obtain from the k-skeleton by attaching
(k 4 1)-cells; that is, there is a pushout diagram:

N

| ]

LI DH ——— Xy

where the disjoint unions are over all (k + 1)-cells of X.

Lemma 6.5. Since X is a CW complex, it follows that:
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T# n—cells  if L —
(i) Hp(X,, X, 1) = ; Z_fk n
0, if k #n.

That is, Hi(X,, Xn_1) is free abelian for k = n with a basis in one-to-one correspon-
dence with the n-cells of X.

(ii) Hp(X,) =0 if k > n. In particular, if X is finite-dimensional, then Hp(X) =0 if k >
dim(X). Note, we exclude the latter condition because X under present consideration
18, indeed, infinite-dimensional.

(#ii) The map Hyg(X,) — Hg(X) induced by the inclusion i : X, — X is an isomorphism
for k < n and a surjection for k =n.

Proof. (i) Consider the CW pair (X, X,,—1). The skeleton X, is obtained from X,,_; by
attaching the \,-cells (e)"),. Choose a point x, at the center of each \,-cell e)*. Further-
more, let A = X,, — {z4}o. Thus, A deformation retracts to X,,_1 so that Hy(X,, X,_1) =
Hy(X,, A). It follows that Hy(X,,, A) = @, Hi(Dy, D — {z,}) by excision of X,,_;. From
the long exact sequence for the pair (D?, D — {z,}), we obtain

Z, ifk=n

H.(D" D" —{x, ~ (S
k( o o {SL’ }) k 1( o ) {07 1f/<:7én

The first assertion follows at once.
(ii) Consider the long exact sequence for the CW pair (X,,, X,,—1):

s = Hy (X, X)) = Hig(Xom1) = He(X) — Hp(X, X)) — -+

Then if k+1 # n and k # n, from (i), it follows that Hy,1(X,, X,,—1) = 0 and Hi(X,,, X,,_1) =
0. Therefore, Hp(X,,—1) = Hp(X,). If £ > n, i.e. for n # k+ 1 and n # k, we have that

Hu(X,) 2 Hy (X)) = Hy(Xoos) = ... = Hy(Xo).

In the case under consideration, Xy is a Baire space D> so Hy(D>) = 0 if k # 0. Then for
k > n, Hp(X,) = 0 as was to be shown.

(iii) We prove the statement for an infinite-dimensional CW complex X. Let £ < n and
consider the long exact sequence for the CW pair (X,,11, X,,) of sub-complexes:

e Hk+1(Xn+17 Xn) — Hk(Xn) — Hk(Xn+1) — Hk(Xn+17 Xn) —

Recall that k <nsok+1#n+1and k # n+1 or, by (i), Hrr1(Xns1,X,) = 0 and
Hi (X411, X,) = 0. Then from exactness of the above sequence, Hy(X,,) = Hy(X,11) an
by iteration, we obtain:

Y

Hk(Xn> = Hk(Xn—l—l) = Hk(Xn+2) =...= Hk(Xn—l—l) = Hk(X)7

where [ is chosen such that X, ,; = X which is admissible since the indices of the handles of
X are finite by definition and X := Xy = Xy_1 Ug H™ where \; < oo for 1 <i< N. 0O
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Definition 6.6. The cellular homology HEY (X) of the CW complex X under consideration.
is defined as the homology of the cellular chain complex (C.(X), d,) indexed by the cells of X .
That is, the n-th abelian group in the chain complex is Cp(X) 1= Hy (X, Xp_1) = Z# n—cells
with boundary operators d,, : Cp,(X) — C,—1(X) defined by the diagram:

Hp(Xni1, X) =0

Hn(anl n Xn+1) = Hn(X)

)=0 H
\H(X)/

dpt1

(
Hn(Xn+17Xn) =0 Hn(Xn7Xn—1) Hn—l(Xn—lan—Q)

The diagonal arrows are due to the long exact sequences of relative homology, and we
invoke Lemma [@ to conclude H,(X, 1) =0, H,_1(X,,—2) = 0 and H,(X,11) = H,(X) in
the above diagram. Then we define

dn - jn—l o an . Cn(X) — Cn—l(X)

and observe that d, o d,,; = 0. Moreover, d,, o d, ;1 = Jp_1 © 9, © Jp © Opy1 = 0 since the
composition of two consecutive maps in a long exact sequence is the zero map 09, o j, = 0.

We henceforth use the notations of Section [Il For two real numbers a,b where b > a,
define the sets Al*? by Al*tl = {p € AM : a < E(p) < b}. Recall, if Al*¥ is compact and
contains no critical point of £ : AM — R then A® is diffeomorphic to A’. On the other hand,
suppose that Al*% is compact and contains exactly one non-degenerate critical point of E.
If the index of the critical point is A then A® is obtained from A® by successively attaching
a handle of index A and a collar.

Proposition 6.7. FEvery smooth Hilbert manifold admits a Morse function E : AM — R
such that A* is compact for every a € R.

Theorem 6.8. Let £ : AM — R be a Morse function on a paracompact manifold AM such
that each A® is paracompact. Let pi,ps, ..., Pk, ... be the critical points of E and let the
index of p; be \;. Then AM has a handle decomposition which admits a handle of index X;
for each 1.

Proof. Consider the Morse function £ : AM — R. Let ¢ < ¢ < -+ < ¢ < ... be
the m critical values of E. Then consider the sequence of real numbers {a;} for which
cr < ap < cpyp1. For real a,b with b > a, we let Al*¥ = {p € AM : a < Ep] < b}.
Consequently, A%+t = A% U Alw®%] and AM = UZ"”:_Ol Alowasia]l - The set Al g
paracompact so it only contains finitely many critical points of E. If A\yyq is the index of
Cr+1, it has the homotopy type of a handle of index Agy1. O
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Corollary 6.9. Every smooth manifold has the homotopy type of a CW complex.
Proof. The set A’ is homotopy equivalent to A® with a 1-cell attached. O

Definition 6.10. Let A € Mat,, ,,(Z) be a matriz over the principal ideal domain Z. Then
the Smith normal form is a factorization A = UDV for which:

(i) D € Mat,, ,(Z) is diagonal where d; ; =0 if i # j.

(ii) Every diagonal entry of D divides the next, i.e. d;;|d;+1,+1. Such diagonal entries are
called the elementary divisors of A.

(i) U € Maty,m(Z) and V' € Mat, ,(Z) are invertible over Z. That is, detU,detV = £1
for U,V in SL(—,Z).

Similarly, for A € Mat,,, ,(Z) an integer matrix, the Smith normal form A = UDV may
be written as D = U~'AV ™!, which is permissible by the invertibility of U and V. Here,
the product U=tAV ! is

(01 0 0 0
0 a 0 0
0 0
SNF(A) = | : a (37)
_O O =

where the diagonal elements «;, unique up to multiplication by a unit of the principal ideal
domain, satisfy «;|a;;1 for all 1 <7 < r. The elements «a; are the elementary divisors of A,
determined by

di(A)
di1(A)

where d;(A), known as the i-th determinant divisor, is the greatest common divisor of all
i X i matrix of minors of A, and dy(A) := 1.

(38)

o; =

Remark 6.11. The Smith normal form exists for matrices over arbitrary principal ideal
domains R whereby U and V' must be invertible over R so that their determinants are any
units in R. The Smith form is unique up to multiplication by units in R.

Lemma 6.12 (Omar Camarena). Let the non-zero elementary divisors of an m X n integer
matriz A be oy, ..., o, where r := rank (A). Then coker(A) = Z"/im(A) = @,_, Z/a; ®
7.

Proof. Consider the Smith normal form UDV of A. Then coker(A) = coker(D) under the
map = + im(A) — U~z +im(D). To compute coker(D), if ey, ..., e, is the standard basis
of Z™, then the image of D is spanned by ajeq,...,aq€,. O
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Theorem 6.13 (Omar Camarena). The homology of a complex znAgm Bogk (with BA =
0) is ker(B)/im(A) = @_, Z/co; & Z™ "~° where r := rank(B) and o, ..., o, are the non-
zero elementary divisors of A.

Proof. The boundary map B is zero on im(A) so it descends to a homomorphism B :
Z™/im(A) — ZF. We will now show that ker(B)/im(A) is isomorphic to ker(B). From
Lemma 612, Z™/im(A) = @)_, Z/o; & Z™ . The target Z* of B is free so that the kernel
contains all of the torsion of its domain group. It follows that

ker(B) = @Z/ai ® ker (B|zm-r) .

i=1

The kernel of the restriction of B to its free part is also free and, thus, the rank is

rank ker(B)=m —r —s (39)
for s the rank of im(B) = im(B) = im (B|zm-r). O

Theorem 6.14 (Main Result). Every closed Riemannian manifold M admits infinitely many
geometrically distinct, non-constant, prime closed geodesics.

Proof. Let X ~g AM be the homotopy equivalence defined in the construction preceding
Lemma [6.5] Consider a section of the cellular chain complex for the CW pair (X}, Xx_1):

M M,
o Hyo (X, X)) =5 Hy (X, Xpm1) =5 Hyy (X p—1, Xp—g) — -+ - (40)

or equivalently, by the definition of Cy(X) := Hy(Xy, Xp_y) = Z# M —cells)

. Z#)\k+1—collsMk+1z#)\k—colls My, Z#)\k,l—cells .

where

My : He( Xy, Xi—1) = Hp—1(Xp—1, Xp—2) (41)

is a homomorphism from one free abelian group, indexed by Ag-cells attached to go from
X1 to Xy, to another. Any such homomorphism is given by an integer-valued matrix M.
In what follows, we determine the (i, j)-entries of the matrix

My« Hi (X, Xy—1) = Hp—1(Xpo1, Xp—2)

which is given by a particular CW presentation of the CW complex X. For each entry
of this matrix, take the i-th A\z-cell represented by a continuous map f; : S¥ ' — X, _4,
and take the j-th Az_j-cell represented by a map g; : (D*71,S%72) — (X1, X}_2). Then
choose any point y in the interior of D*71) seen as a point g;(y) in Xj_1, and look at the
points x1,...,z, in the inverse image f; '(y). Then we observe whether the restriction of
fi to a small neighborhood of z; (for 1 < ¢ < r), mapping to a small neighborhood of y,
preserves or reverses the orientation. We put +1 if it preserves orientation and —1 if it
reverses orientation; the sum of these signs is the corresponding entry of the matrix.
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More precisely, we should take an interior point y in D*~!; a small open neighborhood
V of y maps homeomorphically onto its image in X;_; under the map g; : (D*7!, S¥=2) —
(Xi_1, Xp_o) determined by the particular attaching map S*~2 — Xj_,. This is a homeomor-
phism so the restriction of the map f;, which takes U = f;'(g;(V)), an open neighborhood
of S¥1, to g;(V), is a map U — V between open subsets of manifolds. This applies in the
case of a general CW complex, which might not itself be a manifold. For any continuous map
f : U — V between manifolds, there is a continuously differentiable map within the same
homotopy class. Thus, we exclude the possibility that the attaching maps are pathological
in nature.

Assuming f; is continuously differentiable, almost all points y in D¥~! are regular values
of f; in the technical sense of measure theory. This follows by Sard’s theorem which says
that the set of critical values has measure zero. For a point y to be regular means that
for each point = in f;*(y), working in chosen coordinate patches, the derivative Df; at x,
represented by a Jacobian matrix whose entries are partial derivatives at x as a linear map
from the tangent space at x to the tangent space at y, has maximal rank. In the case where
U and V have the same dimension, maximal rank means that D f; is invertible at x. Then,
by the implicit function theorem, in the case where y is regular, this inverse image f;*(y) in
SE=1 will be a compact O0-dimensional manifold, and will hence consist of a finite number of

points x4, ..., x,.
The manifolds S*~! and D*¥~! are orientable. We may select standard Euclidean coordi-
nates (y1, ..., yr_1) for y in D*=1 which are the same coordinates for the open neighborhood

V. As for each point x in the inverse image of y, we can take any coordinate patch consistent
with the standard orientation of S¥~!. Then, computing the derivative Df; at x in terms of
the chosen coordinatizations at x and y as a Jacobian matrix Jac,(f;), the sign of the deter-
minant of Jac,(f;) is well-determined. The sign is either +1 or —1 since Df; is invertible.
The degree of f; is then computed as

Z sgn det Jac,(f;).

xefiil(y)

It is well-defined and independent of which regular value y we pick. It is also invariant with
respect to the homotopy class of the attaching map.

To write down the (7, j)-entry of the matrix My, we order the attaching maps that we
used to get from X, 1 to Xj:

fi: St s X e SFT X f ST X

where my, := n,,_, is the number of \;_j-cells of X. We assume there are only finitely
many attaching maps for each skeletal dimension, although we can also drop the finiteness
assumption. Likewise, we order the attaching maps one dimension down:

gy Sk_2 — Xk_g,gg : Sk_2 — Xk_g, sy Ong t Sk_2 — Xk_g
where ny, := n,, is the number of A\j-cells of X. We think of the latter attaching maps in

terms of giving maps of pairs of spaces (D*71, S*=2) — (X;_1, Xz_2), where the first map
component D*~! — X, identifies interior points of D*~! with points of X} _;, and the
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second component is the actual attaching map g; : S*~2 — Xj,_5. Then the matrix entry for
M, € Matmk,nk (Z) is

(My)ij :=deg(fi); = Z sgn det Jac,(f;)
fi(z)=y

for any choice of regular value y of f; in the interior of the j-th cell attachment (D¥~1, §%~2) —
(Xy—_1, Xx_2) and for any choice of coordinatizations of small coordinate patches for the points
y and z in the inverse image f;"!(y) chosen compatibly with the orientations. For V an open
neighborhood of y in D¥~!, f; is a map between open neighborhoods of manifolds:

fi SF— X,
U= f(g;(V)) = g;(V)

from which we may write the (i, j)-entry of M, as

(My)i; = Z sgn det Jac,(f;). (42)

zef (g (V)

Thus,
deg(f1)1 deg(fi)2 ... deg(fi)n,,

deg(f2)1 deg(f2)2 ... deg(fo)n,,
Mk = : . : . (43)

_deg (f;ukl)l deg (f;%1>2 ... deg (f";k1>m |

The homology of the cellular complex does not depend on the order chosen for the attaching
maps. Since we have a cellular chain complex, the composite of any two matrices My, and
Mj, is 0, and one wants to compute ker My /im M;. 1 to get the k-th homology group of the
CW complex AM ~q X.

We henceforth compute cellular homology for X using the standard basis of Z* for the
free modules Cx(X). To do so, we invoke Smith normal form of the matrix representation
for the boundary homomorphisms. It should be remarked that if we want to determine
homology with a basis over a field K, we would simply use Gaussian elimination. Note, Z-
modules are direct sums Z/ay ®Z/as @ - - - B Z/ oy for integers «; with ;| 1. We reduce an
integer matrix M to SNF(M}) using row and column operations as in standard Gaussian
elimination; but, the caveat is that the entries must remain integers at all stages. Recall M},
is my x ng where my = ny,_, and n; = n,,. The row and column operations correspond
to a change of basis for M and My, respectively. Thus, the Smith normal form gives a
factorization M, = U, D, V) with

(03] 0

Dk—[o 0},Where By = (44)

0 ay,
for By a matrix with [, non-zero diagonal entries which satisfy «; > 1. The SNF matrices
for My, and M} completely characterize the k-th homology group Hj. The rank of the
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boundary group im Mj.,; is the number of non-zero rows of Dy 1, i.e. lp11 = rank im My, =
min(ny, ,ny,,,). The rank of the cycle group ker M}, is the number of zero columns of Dy, i.e.
ny — li. The torsion coefficients of Hy are the diagonal entries «; of M., that are greater
than one. The k-th Betti number of the CW complex AM is thus:

be(AM;Z) = rank ker My — rank im My = ng — lp — lpi1. (45)

Similarly, the elementary divisors are given by «; = d;(My)/d;_1(My) where d;(My) is the
i-determinant divisor for 1 < ¢ < lj. In particular, d;(My) is the greatest common divisor
of all 4 X 7 minors of Mj. Denote by %, the ¢ X ¢ sub-matrix of M. Then an 7 X ¢ minor
of M, i.e. the minor determinant of order i, is the determinant of an 7 X ¢ matrix obtained
from My by deleting m; — i rows and nj — ¢ columns. The minor of order zero is defined to
be +1. For the matrix M, there are (m’“) (nf) minors of size ¢ X ¢. One such minor |3, | is

the determinant of the ¢-th sub-matrix ¥; ;:

(Mk)mp s (Mk)mp—iri
M), M), i
|Zi,k|— ( k) +1,p ; ( k) +1,p+ (46)
(Mk>cr+i,p e (Mk)o+i,p+i

for1 <o <myand 1 < p < ng. There are i! orderings of the columns (p, p+1, ..., p+i) that
go in each possible order (a, 3, ...,w). We choose (Mj),,o from row 1 of ¥, 5 (row o of M}),
(M) ot1,5 from row 2 of X, (row o + 1 of M}), and eventually (My)y+i. from row i of ¥;
(row o +1 of My). Then the determinant contains the product (Mg ),.a(Mi)ps1,6 - - - (M) ptiw
times +1 or —1. Let P = («a,f3,...,w) be the permutation matrices corresponding to a
certain ordering of the columns of ¥; ;. Then the determinant of %, ; is the sum of the 7!
simple determinants (up to sign), which are given by choosing one entry from every row and
column of ¥; ;. Therefore,

Sikl= D (det PY(Mi)ga(Mi)oi1- - (Mi)osie (47)
P=(a,B,...,.w)

for p<a,p,...,w < p+1t. Then the i-th determinant divisor of M}, is the greatest common
divisor of all i x 4 minors [;[. Let |X7,| be the r-th possible i x i minor of order i of M,

forl1 <r< (";”‘) ("Z’“) Then the i-th determinant divisor is
) | (48)

S

Recall that for a,b € Z, ged(a,b) = > qq, ¢(q) where ¢(-) is the Euler totient function. It
alb

follows that if we let ®; := ged(®;_y, [ ,|) for 2 < j < (") (") and ®; := [, ], then

®; = Z p(qj-1) = Z qj—1 H (1—1) (49)

p
4j-1]®j-1 aj-1]®j-1 plgj—1
a5 -11127 211137 4l

di(My) = ged (‘Ezlk‘u e
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for p prime and ¢;|®; for all j. Moreover, we let 7(i, k) := (") ("*) to obtain d;(My) = D p:

7

ai(My) = ged (=2, 15700
1
= Z qr(i,k)—1 H (1 - —) . (50)
p
9r(i,k)— 1|(I)T(7, k)—1 p|q7(i,k)71
7—(1 k)
9r(i,k)— 1|

Recall that X is the CW complex homotopy equivalent to AM. Applying Theorem
to the complex

ank+1 k+1z’n/\ k Zn)\k71 (51)
defined in equation (@0), we conclude that the k-th homology group of free loop space AM
is

lkq1

Hk(AM§Z) = ker Mk/im My = @Z/ai @ 7 e =l

lkt1

di(My) ) g

— 7, fas) Tk et 1

EB / (dz 1(My) (52)
st gcd<|z s s E0E) )

- @ Z/ mp ng @ an_lkJrl_lk

i=1 ng (‘Eil—l,k‘? e E(ifl)(ifl) )

ik
i—1k
where [;41 = rank im M;; = min(ny,,ny,,,). Therefore, the k-th Betti number is

b(AM;Z) = ny — I, — lg+1 = ny, —min (nA,ﬁl,nAk) — min (nAk, n,\kH) ) (53)

We use a C%perturbation of £ : AM — R. That is, let o(¢) := max(0, min(2t — 1, 1))
for t € R. Then for € > 0, define

E.(z) = E(o(|[z]l/e)x /IIO 1l1/2)7 () + oIl /e) (@) *dt. (54)

Therefore, E. is constant in the ball of radius /2, it coincides with E outside the ball of radius
g, and |[|[F — E.||= 0(1) for e — 0. The homotopy types of AM and M are fixed under such
a perturbation by Lemma [6.3] i.e. for f: M — M’ and xy € M, m(M, x) = 7. (M, f(x0))
for all k. Assume that we perturb AM via E. such that we create infinitely many minima
or maxima in a local neighborhood of a critical point v € X C AM of index A\;. Then, by
Lemma [6.3] the homotopy type of M is fixed and the number of critical points of index Ay
tends to infinity, i.e. n), — oco. Then the k-th Betti number of H,(AM;Z) becomes

lim ny, —min (ny, ,,ny,) — min (ny,, 7, ) = +00
TL)\k—H)O

where it is assumed that n,,, 1 <¢ < N, is finite for all 7 # k. It follows that the sequence
of Betti numbers {by(AM;Z)}i>0 is unbounded. Since the homotopy type of M is invariant
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under the C°-perturbation of the energy functional, this can be done for an arbitrary closed
Riemannian manifold. Thus, every closed Riemannian manifold M carries infinitely many
geometrically distinct, non-constant, prime closed geodesics.

If we instead compute cellular homology over a field K, say Q, then we may simply use
Gaussian elimination to reach the factorization M, = UpD, V) for U, € Mat,,, m,(Q) and
Vi, € Mat,,, », (Q) where UyDy, is the inverse of the Gaussian elimination matrix Ej which
transforms M), to Vi. Note, each diagonal entry of Uy is +1 since Dy, is the diagonal matrix
that contains all the pivots of Mj. Then the rank of im M}, is the number of non-zero rows
of Dyq,i.e. lxy1, and the rank of ker M}, is the number of zero columns of Dy, i.e. ng — l.
Then the k-th homology group of AM is

Hi(AM; Q) = ker Mj,/im Mj,yq = Q10 (55)

and the k-th Betti number is given by by (AM;Q) = ny — I, — lx11. That is, all torsion for
homology vanishes. O

Remark 6.15. For a finite CW complex X, the Euler characteristic x(X) is defined to
be the alternating sum >, (—1)*Cy where Cy is the number of k-cells of X. The Euler
characteristic of X s independent of the choice of CW structure on X. We similarly define
the Euler characteristic of an infinite-dimensional CW complex AM to be the alternating
sum Y, (—1)kCy, where Cy, is the number of k-cells of AM if and only if all homology groups
have finite rank and all but finitely many are zero. In this case, AM ~g Xy is such that
Hy(Xy)=0if k> N by Lemmal63 so that all but finitely many homology groups are zero
because the index of any critical point is finite.

Definition 6.16. The Poincaré polynomial of AM is given by
Pan(t) =Y (rank Hy(AM;Z))t*.
k=0

If the Euler characteristic is well-defined, i.e. if rank Hy(AM;Z) =0 for k > N and a fized
N, then x(AM) = Pyp(—1).

Since Hy(AM;Z) = Hi(Xn;Z) = 0 for k > N, we have:

WE

X(AM) = (_1)k (n)\k — min (n)‘kfﬂ n)\k) — min (nAw n)‘k+1) )

B
Il
o

(56)

I
WE

(—1)k (nAk — min (m\kil,n)\k) — min (m\k, nAkH) )

B
Il
=)

Homology Hj, is sub-additive due to the increasing sequence of inclusions D*® = Xy C X; C
XicXoC...C Xy~AM so we find

rank Hy(AM;Z) < Zrank Hy (X, Xi—1;Z) = rank Hy(Xy, Xp—1;Z) = ny, (57)
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from

Z#)\i—colls if k=1
Hy(X:, X1, Z) = { e

0, it k #1i.
That is, the rank of Hp(AM;Z) is less than or equal to the number of critical points of index
;. Equivalently, rank Hy(AM;Z) = ny, — I, — lg+1 < ny,,. Since the k-th Betti number of
the free loop space AM is given by by(AM;Z) = ny, — min (ny,_,,ny,) — min (ny,, ny,,, ),
the least upper bound of the sequence of Betti numbers is supyey bx(AM;Z) = n,, . Thus,
the supremum of the k-th Betti number is controlled by the number of handles of index A.
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